Amenability of any of the algebras described in the title is known to force them to be finite-dimensional. The analogous problems for approximate amenability have been open for some years now. In this article we give a complete solution for the first two classes, using a new criterion for showing that certain Banach algebras without bounded approximate identities cannot be approximately amenable. The method also provides a unified approach to existing non-approximate amenability results, and is applied to the study of certain commutative Segal algebras.
Introduction
The concepts of approximate amenability, approximate contractibility and essential amenability, and some other related concepts, were introduced and studied in [8] and further developed in [11, 12, 4, 10, 2] . The studies include determining when various classes of Banach algebras are, or are not, approximately amenable. Attempting to prove that a given Banach algebra is not approximately amenable can be much more difficult than for 'classical' amenability.
It was shown in [4] that for 1 ≤ p < ∞ the algebras ℓ p , equipped with pointwise multiplication, are not approximately amenable; this has motivated the question of whether the Schatten classes S p (H) are approximately amenable. In [10, §7] , partial results were also obtained about approximate amenability, or otherwise, of the little Lipschitz algebras lip α (X).
It remains an open question, to the authors' knowledge, if an approximately amenable Banach algebra A must necessarily have a bounded approximate identity. The authors have recently proved, in collaboration with Y. Zhang, that the a priori stronger notion of bounded approximate contractibility forces the existence of a bounded approximate identity; see [2, §3] . The main result of Section 2 gives a criterion for proving that certain algebras without bounded approximate identities cannot be approximately amenable.
For example, we use our criterion to show that neither Schatten classes on infinitedimensional Hilbert spaces, nor Lipschitz algebras on infinite compact metric spaces, are approximately amenable. Another question left open from previous studies is whether every proper Segal subalgebra of the group algebra of a locally compact group fails to be approximately amenable. We prove that this is the case for the group R n . We correct an error in the literature on approximate amenability of the semigroup algebras of Brandt semigroups, and also use our criterion to provide new proofs for several results obtained by other authors.
Another open question has been whether every approximately amenable Banach algebra whose underlying space is reflexive, as a Banach space, is finite-dimensional. We show this is the case, under the additional hypotheses of commutativity and bounded approximate amenability. Finally we show that the second dual algebra of the Fourier algebra of a locally compact group is boundedly approximately amenable, if and only if the group is finite. This extends the result in the amenable case, which was proved by A. T. Lau and R. J. Loy [21] and independently by E. Granirer [13] . Now we recall some basic definitions. A derivation D from a Banach algebra A into a Banach A-bimodule X is approximately inner, if there exists a net (ad x i ) of inner derivations from A into X such that D is the strong-operator-topology limit of (ad x i ). The Banach algebra A is approximately amenable if every continuous derivation D from A into any dual Banach A-bimodule X * is approximately inner, for all Banach A-bimodules X. If in the above definition the nets of inner derivations can always be taken to be bounded, then A is boundedly approximately amenable.
Approximate amenability and bounded approximate amenability can be characterized by the existence of so-called "approximate diagonals" ( [8, 10] ), and this will be used several times in the proofs of our main results.
A criterion for ruling out approximate amenability
It was shown in [2, §4] that the Fourier algebra of the free group on two generators is not (operator) approximately amenable. Motivated by some of the ideas in that argument, we can now give a criterion which shows that numerous examples of Banach algebras without bounded approximate identities fail to be approximately amenable.
In particular, we have the following result, which resolves a question that had been open since [8] We shall deduce this from a much more general result, whose statement requires some technical definitions. Given a Banach algebra A, we define the multiplier norm on A by a mul := max( λ a , ρ a ), where λ a : A → A, x → ax is left multiplication by a and ρ a : A → A, x → xa is right multiplication by a. DEFINITION 2.2. A separated, unbounded, multiplier-bounded configuration (or SUM configuration for short) in A consists of two sequences (u n ), (p n ) ⊆ A which satisfy the following properties.
(Separated) u n p n = p n u n = u n for all n; and u j p k = p k u j = 0, whenever j = k.
(Multiplier-bounded) The sequences ( u n mul ) and ( p n mul ) are bounded. REMARKS 2.3.
(i) In the definition of a SUM configuration, by passing to a subsequence if necessary, we may assume that the sequence ( u n ) n≥1 grows faster than any prescribed sequence of positive reals.
(ii) If A is a Banach algebra with a bounded approximate identity, then · and · mul are equivalent norms, by Cohen's factorization theorem, so that A contains no SUM configurations.
(iii) In several, though not all, of the applications below, one can choose the (u n ) to be pairwise orthogonal idempotents, and take p n = u n .
The definition of a SUM configuration may seem overly technical. It is therefore convenient to have a simpler criterion that ensures the existence of such sequences. LEMMA 2.4. Let A be a Banach algebra. Suppose that there exists an unbounded but multiplierbounded sequence (E n ) n≥1 ⊆ A, such that E n E n+1 = E n = E n+1 E n for all n. Then A contains a SUM configuration.
Proof of Lemma 2.4 . Note that, for 1 ≤ j < k, we have E j E k = E j = E k E j . Moreover, by passing to a subsequence if necessary, we may assume without loss of generality that E n+1 > E n for all n and that E n+1 − E n → ∞ as n → ∞.
We now define
Clearly both ( u n mul ) and ( p n mul ) are uniformly bounded sequences, since the sequence (E n ) is multiplier-bounded. Moreover, our construction ensures that
It remains to verify the 'separatedness' conditions. Since the set {E n : n ∈ N} is commutative, u j and p k commute for every j, k. We have
and similarly, since 3k − 1 > 3j + 1,
Thus (u n ) and (p n ) form a SUM configuration, as required.
The point of our definition is the following result, whose proof should be compared with the main arguments in [ Proof of Theorem 2.5. Let (u n ), (p n ) be a SUM configuration in A, and put
Elementary calculations using the definition of the projective tensor norm show that for any w ∈ A ⊗ A,
By passing to a subsequence if necessary, we can without loss of generality assume that in addition to satisfying ( * ), our sequence (u n ) satisfies
(The exact rate of growth is not important, but we need it to be moderately fast.) Note that the 'separatedness conditions' imply that the (u n ) are pairwise orthogonal,
and observe that for each n ∈ N:
Our proof now proceeds by contradiction. Suppose that A is approximately amenable, and let ε > 0. Then, since approximate amenability and approximate contractibility are the same, there exist M ∈ A ⊗ A and F, G ∈ A such that:
From (2.1a) and the observations ( * ) and ( * * ), we see that for any j, k ∈ N,
A similar argument, using (2.1b) instead of (2.1a), yields
combining (2.3a) and (2.3b) using the triangle inequality then gives
(Here we used the inequality x − y ≥ | x − y |, valid in any normed space, together with the fact that the projective tensor norm is a cross-norm). Using the growth condition ( †), we therefore have
Combining the preceding two inequalities, we see that, for every k ≥ 1,
Then, since lim m→∞ u 2m+1 −1 u 2m+1 F = 0, we deduce that
(2.5)
However: going back to the 'approximate identity' formula (2.2), we also have
combining this with (2.5), we conclude that
Since ε was arbitrarily small this yields a contradiction, and therefore A is not approximately amenable.
Proof of Theorem 2.1. We can now complete the proof that S p (H) is not approximately amenable. While we could use Lemma 2.4, it is more instructive to construct an explicit SUM configuration as follows. Fix an infinite orthonormal set (δ n ) n≥1 and take P 1 to be the orthogonal projection onto the linear span of δ 1 ; take P 2 to be the orthogonal projection onto the linear span of {δ 2 , δ 3 }; and so on. Since
it is easily checked that P n mul = 1. On the other hand, since
we have P n A = n 1/p for all n. As the (P n ) are pairwise orthogonal idempotents, taking p n = u n = P n yields a SUM configuration. We finish by applying Theorem 2.5. REMARK 2.6. The same argument ought to work for other operator ideals on a large class of Banach spaces, although some hypothesis on the space is necessary in order to produce sufficiently many projections.
In the remainder of this section, we shall give some further examples of how our criterion may be applied. EXAMPLE 2.7. Let (B n ) be a sequence of Banach algebras, such that for each n the algebra B n has an identity element 1 n , and suppose that 1 n B n → ∞ as n → ∞. Let A be the completion of the algebraic direct sum n B n in either the c 0 or ℓ p norms for 1 ≤ p < ∞. When regarded as an element of A, each 1 n is an idempotent with norm 1 n B n and multiplier norm 1. Hence on taking u n = p n = 1 n we have produced a SUM configuration in A, and so by Theorem 2.5 A is not approximately amenable.
In particular, we see that the c 0 -sum of a sequence (B n ) of finite-dimensional amenable Banach algebras need not be approximately amenable (just take each B n to be C n with pointwise multiplication and the ℓ 1 -norm). This should be compared with [8, Example 6.1]. EXAMPLE 2.8 (Correction of [17] ). Let S be a Brandt semigroup over a group G with infinite index set I, and consider the convolution algebra ℓ 1 (S). It is claimed in [17, Theorem 1.8] that if G is amenable then ℓ 1 (S) will be approximately amenable: however, the proof contains an error. (Briefly: in the notation of [17] , the algebras ℓ 1 (S F ) are in general not unital, since the norm of the identity element in ℓ 1 (S F ) grows with |F|; hence the appeal to results of [8] is invalid.)
Indeed, ℓ 1 (S) is not approximately amenable. For, let A be the Banach algebra which consists of all C-valued I × I matrices (a ij ) i,j∈I such that ∑ i,j∈I a ij < ∞, equipped with the usual matrix multiplication as its product. As observed in [5] (see the remarks before Theorem 8), the algebra ℓ 1 (S) has a 1-dimensional ideal Cθ (where θ is a formal zero element of S), and the quotient algebra ℓ 1 (S)/Cθ is isomorphic to A ⊗ ℓ 1 (G). If we let ε : ℓ 1 (G) → C be the augmentation character, then the composite map
is a quotient homomorphism of Banach algebras. Since approximate amenability is inherited by quotients, if ℓ 1 (S) were approximately amenable, then A would be too. This is not the case, because it contains SUM configurations. For instance, let (F n ) n≥1 be a sequence of pairwise disjoint, finite subsets of I such that |F n | → ∞ as n → ∞. Define u n to be the I × I matrix with entries given by
Then: (i) u n A = |F n | for all n; (ii) the (u n ) are pairwise orthogonal idempotents; and (iii) u n mul = 1 for all n. Hence, taking p n = u n yields a SUM configuration in A as required.
REMARK 2.9. After the present work was done, we were informed that a joint paper of Maysami-Sadr and Pourabbas also contains a proof that the preceding example is not approximately amenable: see [25, Theorem 4.5] . This is deduced from a more general result, [25, Theorem 3.4 ], which we suspect might also be provable using our techniques; however, we have not attempted to do this.
The final two examples of this section are already known not to be approximately amenable. Nevertheless, Theorem 2.5 not only provides alternative proofs, but does so in a unified treatment. In both cases it is convenient to use Lemma 2.4. EXAMPLE 2.10 (A result of Dales and Loy). Let N min denote the semilattice whose underlying set is N and where the 'product' of two elements is defined to be their minimum. Any function ω : N → [1, ∞) satisfying ω(1) = 1 defines a weight function on N min , and the weighted convolution algebra ℓ 1 (N min , ω) is then isomorphic (via the Gelfand transform) to the Feinstein algebra A ω .
If lim inf n ω(n) < ∞ then ℓ 1 (N min , ω) has a bounded approximate identity, and hence by results of [4] (or a direct construction) it is boundedly approximately contractible. On the other hand, in the case where ω(n) → ∞ as n → ∞, H. G. Dales and R. J. Loy have shown that ℓ 1 (N min , ω) is not even approximately amenable (private communication).
The argument of Dales and Loy proceeds by direct calculations, patterned on the arguments of [4] . We can now give an alternative proof. Let e j denote the point mass concentrated at j, regarded as an element of ℓ 1 (N min , ω). Since lim j ω(j) = +∞, we can inductively construct a strictly increasing subsequence (j n ) n≥1 ⊂ N such that for each n and every
Put E n = e j n ; then clearly the sequence (E n ) is unbounded in ℓ 1 (N min , ω), and satisfies
where we used the condition (♠) at the penultimate step. Thus, E n mul = 1 for all n; and by applying Lemma 2.4 and Theorem 2.5, we conclude that ℓ 1 (N min , ω) is not approximately amenable. EXAMPLE 2.11 (A result of P. Lawson). Let X be a Banach space with a normalized unconditional basis (δ n ). It is standard (see, for instance, [23, Propositions 1.c.6 and 1.c.7]) that X may be equipped with an equivalent norm · that has the following two properties:
• for every sequence (α n ) ⊂ C such that the series ∑ n α n δ n converges in X, and every sequence (γ n ) ⊂ C such that |γ n | ≤ |α n | for all n, the series ∑ n γ n δ n converges in X and
Equipped with · , X thus becomes a commutative Banach algebra with respect to pointwise product of sequences. Note that the multiplier norm of ∑ n α n δ n is then at most sup n |α n |.
If X = c 0 , it is amenable and hence a fortiori approximately amenable. In contrast, Lawson has shown [22] that if X is not isomorphic (as a Banach algebra) to c 0 , then it is not even approximately amenable. His proof, which generalizes arguments from [4] , starts by making use of the following observation. LEMMA 2.12. Suppose that X is not algebra-isomorphic to c 0 . Then the function n → ∑ n i=1 δ i , which by (2.6) is non-decreasing, must be unbounded.
For sake of completeness, we sketch a proof.
Sketch of proof. Suppose that sup
We derive a contradiction as follows: given a ∈ c 00 , let N = max{i : a i = 0}, and let M be such that |a M | = a ∞ . Then (2.6) implies that
It follows that the map a → ∑ i a i δ i extends continuously to a Banach space isomorphism θ : c 0 → X, contradicting the assumption on X.
In the present context, note that Lemma 2.12 immediately furnishes a sequence satisfying the condition of Lemma 2.4 (just take partial sums of the form ∑ n i=1 δ i ). Hence by invoking Lemma 2.4 and Theorem 2.5, we obtain an alternative proof of Lawson's result. (For special cases such as X = ℓ p , for 1 ≤ p < ∞, it is simpler to construct an explicit SUM configuration rather than go through Lemma 2.4.)
Further applications of our criterion to certain function algebras
We now give some other examples covered by Theorem 2. 
be the Fourier transform, normalized so as to be an isometric algebra isomorphism. Then F maps the Segal subalgebra A onto an 'abstract Segal subalgebra' of A( R d ), and we shall denote this image algebra by FA (equipped with the norm induced from A via F ). The Segal algebra condition implies that there exists C > 0 such that
We shall make crucial use of the de la Vallée Poussin kernel for 
for all n.
Since f V r n = f , the preceding inequalities imply that 
, which is a contradiction.
For each n, let E n = F −1 (V 2 n ). We know by (3.2) that the sequence (V 2 n ) is bounded in the · mul -norm, and Lemma 3.2 tells us that it is unbounded in FA; so pulling back by F we see that (E n ) is unbounded but multiplier-bounded in A. It remains only to note that since F (E n+1 ) is equal to 1 on the cube [−2 n+1 , 2 n+1 ] d , while F (E n ) is supported inside that cube, we have E n E n+1 = E n for all n. Then, invoking Lemma 2.4 and Theorem 2.5, we conclude that A is not approximately amenable.
REMARKS 3.3.
(i) Unlike the examples of the previous section, the sequence (E n ) n≥1 that was constructed above does not consist of idempotents. This illustrates how it would have been too restrictive to only consider orthogonal idempotents in the definition of a SUM configuration.
(ii) Essentially the same arguments show that proper Segal subalgebras of the convolution algebra
are not approximately amenable. We have omitted the details; the result had also been observed by R. J. Loy, in response to a preliminary draft of this manuscript (private communication).
(iii) It seems plausible that a similar argument can be carried out for (abstract Segal subalgebras of) other Fourier algebras. The difficulty would lie in obtaining suitable analogues of the de la Vallée Poussin kernel, in order to allow an appeal to Lemma 2.4.
Little Lipschitz algebras on compact metric spaces
Let (X, d) be a compact, infinite metric space, and fix
] for x = y, and put
We briefly recall the definition of the Lipschitz algebras associated to (X, d) and α: further details and proofs can be found in [28] . Recall that Lip α (X, d) is the space of all
We equip lip α (X, d) with the norm inherited from Lip α (X, d) ; with respect to pointwise product of functions, lip α (X, d) is then a unital, commutative Banach algebra, which by results of [1] is known not to be amenable.
THEOREM 3.4. lip α (X, d) is not approximately amenable.
Our proof is a slightly indirect application of the previous techniques. Since X is infinite and compact, it contains at least one non-isolated point, z 0 say. Let
then A 0 is a maximal ideal in lip α (X, d), and the latter may be realized as the unitization of the former. Our aim is to show that A 0 is not approximately amenable, by constructing a sequence (E n ) ⊂ A 0 which satisfies the conditions of Lemma 2.4.
Since z 0 is a non-isolated point in X, there exists a sequence (y n ) ⊂ X \ {z 0 } such that d(y n , z 0 ) → 0. Furthermore, by passing to a subsequence if necessary, we may assume that
For ease of notation, we put δ n := d(y n , z 0 ) and let V n := {x ∈ X : d(x, z 0 ) ≤ δ n /2}. Also, given a compact subset S ⊆ X and x ∈ X, we write d(x, S) for the distance from x to S, i.e.
d(x, S) := inf{d(x, y) : y ∈ S} .
(The infimum is attained, by compactness.) Define E n ∈ C(X) by E n (x) := min{1, 2δ
In particular, the hypothesis that δ n+1 < δ n /2 implies that E n+1 (x) = 1 whenever x lies outside V n , and it follows that
LEMMA 3.5. Let x, y ∈ X with x = y. Then
Proof. Since ∆E n is an antisymmetric function, it suffices to consider the case
We thus restrict attention to the case where d(y, V n ) < δ n /2. For such y, we have , y) by the triangle inequality, we have
On the other hand, we have a trivial upper bound
Combining (3.8a) and (3.8b) gives the first inequality in (3.7). The second one follows by observing that, since 0 < α ≤ 1, the function t → min{2δ −1 n t 1−α , t −α } attains its maximum at t = δ n /2. PROPOSITION 3.6. Let n ∈ N. Then E n ∈ A 0 , and:
Proof. The inequalities in (3.7) show that E n ∈ lip α (X, d), and by construction E n (z 0 ) = 0. Thus E n ∈ A 0 . The upper bound in (i) is also immediate from (3.7), while the lower bound follows from the estimate
The first estimate in (ii) is trivial. For the second, we argue as follows. If both d(x, V n ) and d(y, V n ) are ≥ δ n /2, then it follows from the definition of E n , that
Hence using part (i) yields
By symmetry, the same argument with x and y interchanged shows that if 
Moreover, if A is furthermore assumed to be boundedly approximately amenable, then
(ii) A ⊗ B is boundedly approximately amenable.
Proof. For the first part, we follow the proof of [14, Proposition 5.4]: note that in this argument it is important to first use amenability of B and only then the approximate amenability of A, rather than the other way round. If we assume furthermore that A is boundedly approximately amenable, then inspection of the argument shows that the net (ξ α ) thus produced will satisfy the upper bound claimed in (4.1). Finally, using (4.1) and the definition of the projective tensor product, it is easily checked that w · ξ α − ξ α · w ≤ C w and D(w) = lim α w · ξ α − ξ α · w for all w ∈ A ⊗ B; thus, every bounded derivation from A ⊗ B to a neo-unital bimodule is the strong-operator limit of a bounded net of inner derivations. By the reasoning of [8, Proposition 2.5], this suffices to show that A ⊗ B is boundedly approximately amenable.
We do not know if the tensor product of two (boundedly) approximately amenable Banach algebras is itself (boundedly) approximately amenable. The following results allow us to make some progress. 
Then if A is approximately amenable, so is A ⊗ B.
Proof of theorem. Equip I × J with the product ordering: then the net (u i ⊗ v j ) I×J is a central, bounded approximate identity for A ⊗ B, and 
where G is a compact group. In this case the dual object G is discrete, and we may identify B with the c 0 -sum σ∈ G M d(σ) (C), where d(σ) is the (finite) dimension of the irreducible representation σ. Take Γ to be the set of finite subsets of G, partially ordered by inclusion. For each F ∈ Γ let B F be the c 0 -sum σ∈F M d(σ) (C), and let v F be the identity element of the finite-dimensional algebra B F . Then (v F ) F∈Γ is a central bounded approximate identity in B, and it is easily verified that the conditions of Theorem 4.3 are satisfied.
(ii) B = ℓ 1 (N min ), the convolution algebra of the semilattice N min . Denoting the canonical unit basis of ℓ 1 (N min ) by (e j ) j∈N , let B n be the linear span of {e 1 , . . . , e n }. Then B n is a subalgebra (in fact, an ideal) in A and is known to be isomorphic to C n with pointwise multiplication (so in particular is amenable). Moreover, for each n we have e n B = B n = Be n , and (e n ) n≥1 is a bounded approximate identity for B. Hence, once again, the conditions of Theorem 4.3 are satisfied. Proof. Let Φ be the character space of A, equipped with the Gelfand topology. Our first step is to show that Φ is finite; since Φ is compact, it will suffice to show that each point of Φ is isolated (i.e. open and closed).
Commutative algebras whose underlying Banach space is reflexive
Let ϕ ∈ Φ. By assumption, ker ϕ has an identity element, u ϕ say; a small calculation yields
so that χ(u ϕ ) = 1. Hence the Gelfand transform of u ϕ is zero at ϕ and 1 at all other points of Φ, which implies that ϕ is open and closed in Φ as required. Therefore, Φ is a finite set, consisting of characters ϕ 1 , . . . , ϕ N , say. Using the elements 1 − u ϕ j , for 1 ≤ j ≤ N,it is clear that the Gelfand transform is a surjection onto C(Φ) ∼ = C N . To finish, note that the Jacobson radical of A, which we shall denote by Rad(A), is equal to N j=1 ker ϕ j . Put u := u ϕ 1 · · · u ϕ N ∈ Rad(A); then ux = x for all x ∈ Rad(A). This is only possible if Rad(A) = 0, and so the Gelfand transform is injective, which completes the proof.
Recall that a Banach algebra A is a dual Banach algebra, if A = (A * ) * for some Banach space A * , and the algebra multiplication is separately weak* continuous. We denote the canonical embedding of A * into A * by ı. Hence,
, for all α, β and i. (6.4) Now two cases may occur.
Case 1: ( f β ) is unbounded. In this case, from (6.4) we have
for all i and α.
For every f ∈ A, noting that f · G i = G i · f as A is commutative, we have f · G i F α → f as α and i tend to infinity. Hence f · P(G i F α ) → f . Taking E to be any weak*-cluster point of (P(G i F α )) i,α , it follows that E is a right identity for A * * , and hence A has a bounded approximate identity.
Case 2: the net ( f β ) is bounded. Then we may argue as in case 1, to conclude that A has a bounded approximate identity.
For the final part: let (e j ) be a bounded approximate identity for A, and let E be a weak*-cluster point of (ê j ). Then E is a right identity for A * * . On the other hand, since A * * is boundedly approximately amenable, it is in particular approximately amenable. By [8, Lemma 2.2], it therefore has a left approximate identity, say (n j ), and we obtain
Thus E is also a left identity for A * * .
The proof of the following theorem uses, in part, an idea from the proof of [8, Theorem 3.3] , but also some properties specific to the Fourier algebra. Let n be a topological invariant mean on VN(G) = A(G) * , that is, a state which satisfies f · n = f , I n for all f ∈ A(G), where I ∈ VN(G) is the identity operator. Then r n = n for every state r ∈ VN(G) * , by weak * -continuity of in the first variable. Hence J n = n A(G) * * is a closed, complemented, two-sided ideal in A(G) * * and so, by [ Recall that UCB( G) is defined to be the closure of A(G) · VN(G), where VN(G) is identified with the dual of A(G) and the action of A(G) on VN(G) is the canonical action of an algebra on its dual. The reduced group C * -algebra C * r (G) is contained in UCB( G) (see [18, Proposition 4 .4] for a proof).
For the proof of the theorem which follows, it is convenient to work with the notion of a 'left-introverted' subspace of VN(G) (for the definition, see [18, §5] , for example). Examples of left-introverted subspaces of VN(G) are: VN(G) itself; UCB( G); and the reduced C * -algebra C * Proof. If G is finite, then A(G) * * = UCB( G) * = A(G) is amenable, and in particular essentially amenable. Conversely, if either A(G) * * or UCB( G) * is essentially amenable, then so is C * r (G) * . Since G is amenable, it follows that B(G) = C * r (G) * is also essentially amenable, and hence amenable as it has an identity. Corollary 2.4 of [7] then implies that G is compact, so that A(G) has an identity element. Therefore UCB( G) = A(G) · VN(G) = VN(G), and so UCB( G) * = A(G) * * has an identity and is essentially amenable, hence is amenable. By the results of [13] (or Theorem 6.2 above), we conclude that G is finite.
For a general locally compact group G, there is still no complete characterization of the bounded approximate amenability of A(G). However, in the special case where G has an open abelian subgroup (in particular, if G is discrete), we can give a complete answer. 
Concluding remarks
We have seen that many of the existing 'non-amenability' results for Banach algebras arising in abstract harmonic analysis and operator theory admit extensions to the (boundedly) approximately amenable setting; however, in some of these cases, the proofs require genuinely new arguments rather than mere extension of the existing ones.
The technique presented in Section 2 seems deserving of further exploration. Several of the technical hypotheses can perhaps be weakened, although it is unclear if doing so would give a substantially stronger result. The applications presented in Sections 2 and 3 are intended to be illustrative, rather than exhaustive, and we hope they will stimulate further developments.
